Abstract. New notions related to permutations are introduced here. We define the string of a 2-colored permutation as a closed planar curve, the fundamental 2-colored permutation as an equivalence class related to the equivalence in strings of the 2-colored permutations. We establish an algorithm to identify the 2-colored archetypal permutations of degree n. We present a formula for the number of the 2-colored archetypal permutations of degree n. We describe all the closed planar curves with crossing number ≤ 2 using the 2-colored archetypal permutations. We also present the atlas of the 2-colored archetypal strings of degree n, n ≤ 5.
Introduction
The main direction in the study of the colored permutation groups is given by the permutation statistics. Another direction is given by the study of the symmetric operations on these groups. Following this latter direction, Mansour [6, 7] presented analogies of enumerative results on certain classes of permutations characterized by pattern avoidance in the symmetric group and in the hyperoctahedral group, based on the symmetric operations of reversal, complement and color-complement on the colored permutation groups.
Fripertinger [3, 4, 5] used the symmetric operations of transposing, inversion and retrogradation as permutations on the sets of "musical objects" to define the equivalence of tone-rows f, f : {0, 1, . . . , n − 1} → Z n , 171 permutation is the pair (z, π) ∈ G 2,n , z ∈ Z n 2 , π ∈ S n . The group operation is defined as follows: for (z, π),
Remark 1.2. For a 2-colored permutation 2 p = ((z 1 , z 2 , . . . , z n ), π), we can use the notation π(1) z 1 π(2) z 2 . . . π(n) zn . The group G 2,n is the signed permutation group, also known as the hyperoctahedral group, denoted by B n . The number of 2-colored permutations of degree n is |G 2,n | = n!2 n .
Let us denote the following product by double factorial: 
2-colored strings and 2-colored archetypal permutations of degree n
In this section we present the main definitions, notations and examples on the 2-colored permutation group. 
2 ). A 2-colored string of degree n is a closed curve in R 2 and it has n obligatory points. These points are i,
. . π(n) zn be a 2-colored permutation of degree n. On G 2,n we define the following symmetric operations:
(ii) the horizontal mirroring h :
Remark 2.6. The group < r, h > is isomorphic to the group D 2 of order 4. 
The 2-colored reduced permutation, denoted by 2 p r , is the permutation which can be written as rotation, transposing or a sequence of these operations of 2 p such that the first element of 2 p r is 1 0 . We assume that the alphabet {1 0 , 2 0 ,
Remark 2.14. For every 2-colored permutation
, is the permutation which satisfies the con-
(ii) The string of the archetypal permutation 2 @ n of degree n is called 2-colored archetypal string of degree n. Remark 2.18. A 2-colored archetypal permutation 2 @ n has 1 0 as first element. The first semicircle of an archetypal 2-colored string has the left extremity in the base point 1 and it is situated in the half-plane of color 0.
Identification algorithm of 2-colored archetypal permutations of degree n
In this section we establish an algorithm to identify the 2-colored archetypal permutations of degree n, we present the 2-colored archetypal permutations of degree n, 2 ≤ n ≤ 4, pointing the archetypal permutations which have a symmetric string and we describe the closed planar curves with crossing number ≤ 2 using the 2-colored archetypal permutations.
Considering the table of all 2-colored permutations 2 p = (z, π) of degree n, we can present an algorithm to identify the 2-colored archetypal permutations of degree n. The table has n! rows and 2 n columns. Every column has all the permutations π written downwards, in the natural order, with the same n-tuple of colors. Every row has the same permutation π with all the n-tuple of colors, written from left to right, in the linear order defined on the alphabet {1 0 , 2 0 , 1 1 , 2 1 , . . . , n 0 , n 1 }. The algorithm considers, one by one, the permutations beginning with the first row, in the order of columns. For every 2-colored permutation 2 p we eliminate the redundancies determined by the associated permutations 2 p r , 2 p h , their permutations with opposite oriented string and their permutations with different base point.
Remark 3.1. By Remarks 2.14 and 2.18, we can apply the algorithm just for the table which has only 2-colored reduced permutations, with 1 0 as first element. The reduced table has (n − 1)! rows and 2 n−1 columns and contains the redundancies determined only by the associated permutations Proof. The result is obtained by applying the algorithm described in Remark 3.1. The symmetry of each string results from the equality between the permutation with horizontal mirrored string and the permutation with opposite oriented string. Proposition 3.5. The 2-colored archetypal permutations of degree 3 are Remark 3.9. Two closed planar curves γ 1 and γ 2 are equivalent if there is an orientation-preserving homeomorphism R 2 → R 2 taking γ 1 into γ 2 . Using this definition for the 2-colored archetypal strings, we find a description for the closed planar curves using the 2-colored archetypal permutations. In the Table 1 we present the "smallest" 2-colored archetypal 9 permutation, in accordance with the linear order 1 0 < 1 1 < 2 0 < 2 1 < . . . < n 0 < n 1 , which describes every closed planar curve with crossing number ≤ 2. The "s" indicates that the permutation has a symmetric string.
Number of 2-colored archetypal permutations
In this section we present formulas for the number of equivalence classes of 2-colored permutations, based on the Fripertinger's formula. 
Closed Planar Curve with Crossing Number≤2 2-Colored Archetypal String 2-Colored Archetypal Permutation Proof. The group of 1-colored permutations G 1,n is isomorphic to the symmetric group S n . By Definition 2.5, we have r = 1 G 1,n . The group < t, i > is isomorphic to the dihedral group D n of order 2n. Obviously, the sets S n/∼ and T n/∼ are cardinal equivalent. By Theorem 1.1 we obtain the formula.
Lemma 4.2. A symmetric 1-colored string of degree n, n ≥ 3, has at most 2 solitary semicircles.
Proof. A 1-colored string of degree n has n semicircles. For symmetry, the string must have pairs of symmetric semicircles about the orthogonal axis in the point Let us consider that we construct the string step by step, beginning from the central obligatory point . At each step we construct a minimal symmetric structure, that means a solitary semicircle or a pair of symmetric semicircles. We can notice that a solitary semicircle closes the symmetric string if n ≡ 1 (mod 2) and, eventually, closes the symmetric string if n ≡ 0 (mod 2). In the last case, the string must have a second solitary semicircle.
For n ≡ 1 (mod 2), we can construct only n−1 2 pairs of symmetric semicircles and a solitary semicircle which closes the string.
For n ≡ 0 (mod 2), we can construct either 
Proof. We evaluate the possibilities to construct a symmetric string.
Case n ≡ 1 (mod 2). By Lemma 4.2, the string has a solitary semicircle and 2 . Therefore, we have a total number of
We obtain the formula using the equality 
Proof. We obtain the formula by the proof of Lemma 4.3. 
Proof. We obtain the formula by the proof of Lemma 4.3.
Lemma 4.6. The number 2 s n of symmetric 2-colored archetypal strings of degree n, n ≥ 2, is:
Proof. We calculate 2 s n evaluating the number of symmetric 2-colored archetypal strings generated by the symmetric 1-colored archetypal strings.
Case n ≡ 1 (mod 2). A symmetric string has n−1 2 pairs of symmetric semicircles and a solitary semicircle. We eliminate the redundancies related to the permutations with rotated string about the x-axis by an angle of 180 • by fixing the solitary semicircle in the half-plane of color 0. Every pair of symmetric semicircles must be situated in the half-planes of colors (0, 0) or (1, 1). In these conditions, every symmetric 1-colored archetypal string with a solitary semicircle generates 2 n−1 2 symmetric 2-colored archetypal strings and we have 2 s n = 2 n−1
Case n ≡ 0 (mod 2). Let us consider that a symmetric string has two solitary semicircles and n−2 2 pairs of symmetric semicircles. We fix the first solitary semicircle in the half-plane of color 0. Every pair of symmetric semicircles must be situated in the half-planes of colors (0, 0) or (1, 1) . The second solitary semicircle can be situated in the half-planes of colors 0 or 1. In these conditions, every symmetric 1-colored archetypal string with solitary semicircles generates 2 n 2 symmetric 2-colored archetypal strings and we have 2 s n = 2 n 2 1 s n . Let us consider that a symmetric string has n 2 pairs of symmetric semicircles. If we fix a pair in the half-planes of colors (0, 0), the other pairs must be situated in the half-planes of colors (0, 0) or (1, 1) . If we fix a pair in the half-planes of colors (0, 1), the other pairs must be situated in the half-planes of colors (0, 1) or (1, 0). In the both cases, for every symmetric 1-colored string we obtain 2 n−2 2 symmetric 2-colored strings. Therefore, a symmetric 1-colored archetypal string without solitary semicircles generates a total of 2 n 2 symmetric 2-colored archetypal strings and we have 2 s n = 2 n 2 1 s n . We obtain the formula by Lemma 4.3. Let us denote by 2 s n , respectively 2 a n , the number of 2-colored archetypal permutations with symmetric string, respectively with asymmetric string. 
Proof. Let us consider the reduced table of 2-colored permutations of degree n, which has (n − 1)! rows and 2 n−1 columns.
By Remarks 3.1 and 3.3, we have |G 2,n/∼ | = 2 a n + 2 s n and 4 2 a n +2 2 s n = (n − 1)!2 n−1 .
We obtain the formula by dividing by 4 the last relation and adding 2 sn 2 to the both sides. 
Proof. We obtain the formula by Lemma 4.6 and Proposition 4.7. 
Atlas of 2-colored archetypal strings of degree n, n ≤ 5
In this section we present the complete atlas of the 2-colored archetypal strings of degree n, n ≤ 5, and their permutations. The letter "s" indicates that the string is symmetric. 
